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ABSTRACT

Bernstein operators provide a constructive approximation scheme whose order controls sampling density
and approximation error. For quadratic and cubic monomials on the unit interval, we derive exact error
polynomials from binomial factorial moments and determine their uniform maxima. The quadratic
maximum occurs at the midpoint, whereas the cubic maximizer depends on the order and approaches
two thirds. These identities yield explicit checks of the first-order asymptotic error and a direct procedure
for selecting an operator order from a prescribed uniform tolerance. Numerical comparisons distinguish
operator order from the algebraic degree of the resulting polynomial and compare analytic maxima with
sampled curves. The cubic example shows why a midpoint evaluation does not determine a uniform
error. Formulas, critical points, and tolerance thresholds are supplied together, providing a reproducible
comparison of elementary polynomial targets within the classical theory of positive approximation
operators.

1. Introduction

Bernstein's probabilistic proof of the Weierstrass theorem [1] introduced a constructive way to approximate
continuous functions on a compact interval. Its basis functions are nonnegative and sum to one, making the
operator a weighted average of sampled values. Classical treatments develop this construction within polyno-
mial approximation and the theory of positive linear operators [2, 3, 10]. The same basis is also fundamental in
geometric design, where its coefficients offer a useful description of curves [5].

A convergence theorem alone does not specify an order suitable for a given numerical tolerance. Quantitative
estimates connect approximation error to smoothness, while pointwise bounds describe how the error changes
across the interval [4, 9, 11]. Exact polynomial examples give a complementary perspective: every coefficient,
maximum, and tolerance threshold can be calculated explicitly. They also expose distinctions between the
index of an operator, the size of its sampling set, and the algebraic degree of its output.

1.1. Scope of the comparison

We consider the targets 4(z) = #* and <(z) = z* on [0,1]. Both are convex, so their Bernstein approximants lie
above the targets. Their errors vanish at the endpoints but have different interior maxima. The main identities
are collected in Theorem 1; numerical consequences appear in Table 1 and Table 2. The calculation uses stan-
dard binomial moments and is intended as an explicit account of classical approximation behaviour.
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The analysis proceeds from the operator definition to finite-order errors, then to order selection and asymp-
totic interpretation. Sampling is used to draw curves, whereas the uniform norms are determined by differen-
tiation. This separation is essential: a visually fine grid may miss an extremum even when the plotted curve
appears smooth.

2. Preliminaries and moment identities
2.1. The operator and its normalization

Definition 1. For a continuous real-valued function f € C[0,1] and an integer n > 1, the Bernstein operator of
order n is defined by

Bof(z) = k:o f(%) (:>zk(1 —z)"k 0<z<l 1)

n

The weights bni() = (})"(1 = 2)"* sum to one. If a random variable K has the binomial distribution with
parameters n and x, then Bnf(z) = E[f(K/n)]. This interpretation gives positivity immediately and shows that
constant and linear functions are reproduced exactly.

Notation

Operator order

The integer n defining the sampling points k/n and the Bernstein basis.

Effective degree

The algebraic degree after collecting coefficients in the monomial basis.

Uniform error

The maximum of [B.f(z) — f(z)| over the entire interval.

2.2. Factorial moments through order three

Lemma 1. For integers ™ € {0,1,2,3}, the falling-factorial moment satisfies

n

> (B)rbos(@) = (n)pz”,  7=0,1,2,3. (2)

k=0

Here (a)r = a(a—1)---(a —r+1), with (a)o = 1, When r exceeds n, the right-hand side is zero.

Proof. Differentiate («+v)" exactly r times with respect to u, multiply by v, and set u ==, v=1-z. For r
greater than n, the derivative vanishes. This proves the identity throughout the stated range. i

The decompositions K* = (K)2 + K and K* = (K)s + 3(K)2 + K convert factorial moments to ordinary moments.
Substitution into Equation (1) therefore produces the quadratic and cubic approximants without summing
each binomial term separately. These elementary identities are consistent with the general moment frame-
work for positive operators [2, 9].
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3. Exact errors and their maxima
3.1. Finite-order identities

Theorem 1. For every integer n > 1, the errors of the quadratic and cubic targets are

Bug(e) — o) = 22, 3
Boe(z) — elz) = z(1— :z:)((3n2— 2)z + 1) . ®)

n

The quadratic uniform error is 1/(4n). Set a, = 3n — 2, The cubic uniform error is

B it JaETa 1
1Buc — ¢l = zn(1 — zp)(anz, + 1) 7 oy — an ++vaZ+an,+ . 4)
n? 3a,

Proof. Using Lemma 1, the cubic calculation can be written in the following aligned form:

E[(K)3] + 3E[(K)] + E[K]

Bc(z) = 3
_ n(n—1)(n—2)z® 4+ 3n(n — 1)z? + nz )
= —
— 2 39:2(11— z) n z(1-— :E7)Z(21 —2z) .

The quadratic calculation follows in the same way from the second moment. Its error has derivative (1 — 2z)/n,
so the maximum is attained at the midpoint. Both cubic factors in Equation (3) are nonnegative on the interval.
Differentiating its numerator gives 1+ 2(a» — 1)z — 3a,2* The positive root is x, from Equation (4); the other
root is negative. The endpoints have zero error and the positive root lies strictly between zero and one, estab-
lishing the maximum. i

For n = 1, the cubic approximant is the line Bi¢(z) = «, and the critical point is 1/ V3. The formula remains valid
without a separate limiting convention. As the order grows, the critical point moves towards 2/3, rather than
the midpoint used in the quadratic case.

3.2. Uniform tolerance and operator order

Corollary 1. For a prescribed tolerance > 0, the smallest admissible quadratic operator order is

ng(e) = max{l, [%1 } ©)

For the cubic target, evaluating Equation (4) at successive positive integers gives the smallest order whose uniform
error is at most e.

Proof. The quadratic assertion is equivalent to ™ =>1/(4€), For the cubic error, the expansion
32%(1 - 2)/n+a(1 - 2)(1 - 2¢)/n® tends uniformly to zero. Consequently the successive-integer procedure ter-
minates, and its first accepted order is minimal by construction. i

The resulting order is a property of this sampling operator. The targets themselves already have algebraic
degrees two and three, and their best polynomial approximation error is zero at those degrees. Even when n is
large, the effective degrees of these Bernstein outputs remain at most two and three respectively.! Polynomial
invariance of this kind is also visible in the study of iterated operators [8].

1 For a polynomial target of degree d, the finite-difference expansion implies that the effective degree of its Bernstein image is at most
min(n,d), |n particular, the outputs studied here do not acquire degree n when n exceeds the target degree.
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4. Numerical comparison and reproducibility

4.1. Quadratic curves and cubic error profiles

Figure 1 compares quadratic approximants at three orders. The endpoint values are unchanged, while the larg-
est vertical displacement occurs at one half. Increasing the order reduces that displacement in exact inverse
proportion. The curves remain quadratic after coefficient collection, despite being expressed in bases with
different numbers of functions.

Quadratic Bernstein approximations

0.8

0.6

0.4

0.2

—_—q(x)=x2 —==n=2 e n=4 —n=8

Figure 1. Quadratic target and Bernstein approximants. The target 4(z) = «* and its approximants Bag for orders 2, 4, and 8. Each
approximation meets the target at both endpoints and lies above it in the interior. The exact vertical difference is z(1 — @)/,

For the cubic target, multiplying the error by n makes the finite-order profiles directly comparable with their
limiting shape. Figure 2 shows a peak to the right of the midpoint and a gradual movement towards two thirds.
The profiles converge to 32*(1 — ), whose maximum is 4/9. The small correction changes both the height and
location of the peak.

Advancesin Approximation Theory 4 Vol.1 / 2027



UNIFORM ERROR BOUNDS FOR BERNSTEIN POLYNOMIAL APPROXIMATION

Scaled cubic approximation errors

0.0 0.2 0.4 0.6 0.8 1.0

—_—n=2 — n=4 — n=8 - n=16 === Limit

Figure 2. Scaled cubic errors and their limiting profile. Profiles n(Bnc — ) for orders 2, 4, 8, and 16, compared with 32%(1 - ), The vertical
guide marks * = %, the maximizer of the limiting profile.

Table 1 records analytic maxima rather than maxima inferred from the plotted samples. For the cubic target,
the midpoint approximant equals 1/8 +3/(8n), but its midpoint error is smaller than the uniform error. Thus
a single convenient evaluation point suffices only when the extremum has already been justified analytically.

TABLE 1. Uniform errors and quadratic midpoint values. Analytic values of IB.f - fl« for five operator
orders. Cubic maxima are evaluated at the stationary points, with decimal values rounded to eight places.

Quadratic target Cubic target
Ordern Uniform error Midpoint value Uniform error’ Maximizer
2 0.12500000 0.37500000 0.20513205 0.63188131
4 0.06250000 0.31250000 0.10664155 0.65118846
8 0.03125000 0.28125000 0.05441715 0.65934334
16 0.01562500 0.26562500 0.02749074 0.66310191
32 0.00781250 0.25781250 0.01381684 0.66490769
1 The cubic uniform error exceeds its midpoint error of 3/(8n). Both targets have zero endpoint error.

4.2. Computation protocol
The calculation follows three steps, each with a distinct purpose:

1. Reduce the binomial sums using factorial moments and retain exact rational coefficients.

2. Find every interior stationary point of the error polynomial and compare its value with both endpoints.
3. Evaluate a regular grid with spacing 0.005 for the figures and supplementary curve values.
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Table 2 gives tolerance thresholds. For each accepted order, every smaller positive integer order was checked;
the preceding order is also displayed in the table. Minimality follows from this complete finite check. The
tolerances are absolute errors because the interval and targets have been fixed; rescaling either would change
their interpretation.

TABLE 2. Smallest Bernstein orders meeting uniform tolerances. The accepted order satisfies I1Baf - fll= <¢;
its predecessor does not. Values are rounded to eight decimal places.

Error at accepted Error at preceding

Target Tolerance Accepted order order order’

0.10 3 0.08333333 0.12500000
Quadratic 0.05 5 0.05000000 0.06250000

0.01 25 0.01000000 0.01041667

0.10 5 0.08600619 0.10664155
Cubic 0.05 9 0.04848149 0.05441715

0.01 45 0.00984007 0.01006286

1 Minimality was checked over all positive integers below each accepted order. These are operator orders, not minimal algebraic degrees for

approximating the targets.

4.2.1. Independent arithmetic checks

Direct binomial summation at rational points verifies the moment-based formulas for all displayed orders.
Endpoint reproduction, nonnegative errors, and polynomial degrees provide further checks. The cubic sta-
tionary-point equation is evaluated separately from the formula for the error, avoiding a circular confirmation
based on the same numerical expression.

4.2.1.1. Rational point evaluations

At grid points with rational coordinates, both target values and binomial sums can be calculated as exact
fractions. This removes cancellation and rounding from the identity check, while the reported critical points
require square roots and are stored numerically. Supplementary Data S1 separates summary values from
pointwise curve values.

4.2.1.1.1. Midpoint and endpoint checks

The quadratic midpoint values reduce to (n +1)/(4n), At either endpoint, every error is zero. These checks are
inexpensive and catch indexing or normalization mistakes before an extremum calculation. Appendix A gives
the coefficient formulas used in the supplementary workbook.

5. Discussion

5.1. Relation to smoothness-based estimates

The exact errors illustrate the first-order dependence familiar from Bernstein approximation. For f € C*[0,1],
the Voronovskaya asymptotic formula gives n(Bnf — f) = =(1 — 2)f"(2)/2 uniformly on the interval. For the two
polynomial targets considered here, the explicit identities prove this limit directly and yield precisely the lead-
ing terms displayed above. General estimates require appropriate smoothness assumptions and are developed
using moduli of smoothness [4, 9]. Strong converse inequalities connect the observed approximation rate back
to smoothness [12]; two polynomial examples cannot establish those general implications.
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Box 1. Interpreting an error comparison

An error statement should identify the target, interval, norm, operator, and order. A sampled maximum addition-
ally requires the sampling grid. An analytic uniform maximum needs every stationary point and endpoint to be

considered. Keeping these choices explicit makes comparisons between approximation procedures meaningful.

5.1.1. Endpoint behaviour

Both error polynomials contain #(1 — #), expressing exact endpoint reproduction. This factor also explains why
interior and boundary behaviour differ. Pointwise estimates near the endpoints address this distinction more
precisely [11]. Derivative approximation is another separate question: small function error does not by itself
bound every derivative, and differentiated remainder formulas require their own analysis [6].

5.2. Limitations and alternative constructions

The comparison is restricted to noiseless polynomial targets and the classical operator. Its transparency comes
from finite moment identities. For a general continuous function, the sampling values need not produce a
low-degree monomial expression, and an exact maximum may be unavailable. Numerical optimization then
requires appropriate certification or an explicit description of what has been sampled.

Iteration, corrected operators, and other combinations can alter the convergence rate without merely increas-
ing the sampling order [7, 8]. Their coefficients and preservation properties must be assessed independently.
The present tolerance thresholds apply only to the unmodified Bernstein sequence. They should therefore
accompany the operator definition whenever reused in a computational comparison.

Three conclusions remain useful beyond these examples:

« Operator order and algebraic degree describe different quantities.
« The maximizer of a uniform error can depend on the order.
« An exact error formula provides a reproducible reference for checking sampled curves.

6. Conclusion

Binomial factorial moments give exact quadratic and cubic Bernstein errors, including their interior maxima
and tolerance-based order thresholds. The quadratic maximum is fixed at the midpoint, whereas the cubic
maximum moves towards two thirds as the order increases. Reporting these analytic values alongside curve
samples separates mathematical bounds from visual estimates and clarifies how the operator order controls
approximation quality.
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Appendix A. Coefficient formulas and asymptotic checks
Collecting the monomial coefficients gives

Bg(z) (1 - —) % )

These expressions produce the pointwise supplementary values without evaluating large binomial coefficients.
For the cubic target, the quadratic stationary-point equation has discriminant 4(a7 + ax + 1), Selecting its posi-
tive root recovers Equation (4).

A.l1. Limiting scaled errors
Multiplication by the operator order yields the exact expressions

z(1—=z)(1—2z) . (A2)

n(Bng —q) = z(1 — z), n(Bpc—c¢) = 3¢*(1 — z) + .

The quadratic profile is independent of the order. The cubic correction tends uniformly to zero because
[z(1 —z)(1 - 2z)| < 1/4. Therefore the cubic scaled uniform error tends to 4/9, consistent with the maxima
reported in the supplementary summary. No grid-based extremum estimate is needed for this limit.
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